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Accelerated charges emit electromagnetic radiation. According to classical electrodynamics if the
charges move along sufficiently close trajectories they emit coherently, i.e., their emitted energy
scales quadratically with their number rather than linearly. By investigating the emission by a
two-electron wave packet in the presence of an electromagnetic plane wave within strong-field QED,
we show that quantum effects deteriorate the coherence predicted by classical electrodynamics even
if the typical quantum nonlinearity parameter of the system is much smaller than unity. We explain
this result by observing that coherence effects are also controlled by a new quantum parameter
which relates the recoil undergone by the electron with the width of its wave packet in momentum
space.
PACS numbers: 12.20.Ds, 41.60.-m
Optical laser pulses with intensities of the order of
1022 W/cm
2
have been already achieved [1] and inten-
sities of the order of 1024 W/cm
2
are envisaged [2, 3].
At such high intensities the interaction between the laser
field and an electron (mass m and charge e < 0) is highly-
nonlinear and electrodynamical processes involving elec-
trons/positrons occur with the exchange of several pho-
tons between the laser field and electrons/positrons
themselves [4, 5]. This has also primed a surge of inter-
est in testing QED in the so-called “strong-field” regime
where the background field intensity is effectively of the
order of Icr = 4.6 × 1029 W/cm2, corresponding to the
electric field Ecr = m2c3/~|e| = 1.3× 1016 V/cm [5]. Due
to the Lorentz invariance of the theory, in fact, strong-
field QED can be effectively probed at laser intensities
I  Icr by employing ultrarelativistic electron beams
with correspondingly high energies ε ∼ mc2√Icr/I 
mc2 [5]. Indeed, electron beams with energies beyond
1 GeV have been already produced both via conventional
[6] and laser-based accelerators [7]. One of the fundamen-
tal processes which can be exploited to test strong-field
QED is Nonlinear Single Compton Scattering (NSCS),
where an electron traveling inside a laser field exchanges
multiple photons with the laser field itself while also emit-
ting a single, non-laser photon. NSCS has been studied
in the presence of a monochromatic plane wave [4, 8–
15], of a pulsed plane wave [16–26], and of a space-time-
focused laser beam [27] (see also [28–31]). In [4, 9–13, 15–
25] an incoming electron in a plane wave with a definite
momentum was investigated, whereas in [14, 26] NSCS
by a localized electron wave packet was studied. In all
these works, the radiation emitted by a single electron
has been considered, such that coherence effects in the
nonlinear emission by several electrons have never been
investigated within strong-field QED.
In this Letter we explore the novel features in the quan-
tum radiation spectrum brought about by considering
two-electron wave packets properly anti-symmetrized as
an initial state. For a single electron with definite asymp-
totic four-momentum pµ the quantum spectra tend to the
classical ones if χ = (kp)E/mωEcr  1 [4, 5]. Here, E and
kµ = (ω,k) are the laser field’s amplitude and its central
four-wave-vector, respectively (units with ~ = c = 1 and
α = e2 ≈ 1/137 are employed throughout and the metric
tensor reads ηµν = diag(+1,−1,−1,−1)). Now, accord-
ing to classical physics, if N charges move inside a field
along sufficiently close trajectories, the radiated energy
can scale as N2 (rather than N) up to arbitrarily high fre-
quencies [32]. Below, we consider the paradigmatic case
where the two electrons are characterized by the same
initial distribution of momenta and thus by the same av-
erage quantum parameter χ′. We show that at very dif-
ferent size scales of the electrons’ wave packet quantum
effects limit or completely suppress the coherence of the
emission even for χ′  1, i.e., when single-particle clas-
sical and quantum spectra approximately coincide. We
note that in general for an initial multi-particle state the
condition χ′  1 is not sufficient to recover the classi-
cal limit. However, our results explicitly indicate that
the intuitive implication that when every particle emits
classically then the whole system does too is invalid. We
explain this unexpected result by observing that the con-
dition χ′  1 ensures that the typical emitted photon
energies are much smaller than the common average en-
ergy of electron wave packets. However, coherence effects
are also controlled by a new quantum parameter which
relates the recoil undergone by the electron not with the
average energy but with the width of its wave packet
in momentum space. These coherence effects, which be-
come even larger at χ′ ∼ 1, allow for high-precision tests
of the strong-field sector of QED at the level of quan-
tum amplitudes, which employ few-electron pulses in a
well-controlled quantum state.
The laser field is assumed to be linearly polarized
along the x direction and to propagate along the z di-
rection. Within the plane-wave approximation, it can
be described by the classical four-potential AµL(φ) =
(0,AµL(φ)) = AµψL(φ), where Aµ = (0,−E/ω, 0, 0),
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2ψL(φ) is a smooth function with compact support and
φ = (nx), with nµ = kµ/ω = (1, 0, 0, 1). For the sake of
definiteness, we set φ = 0 as the initial light-cone “time”
and thus assume that ψL(φ) = 0 for φ ≤ 0. The initial
two-electron state is characterized by two definite spin
quantum numbers sj (j ∈ {1, 2}) and has the form
|Ψ〉 = 1√N
2∏
j=1
[ ∫
d3pj
(2pi)3
√
2εj
ρj(pj)a
†
sj (pj)
]
|0〉. (1)
Here, N is a normalization factor such that 〈Ψ|Ψ〉 =
1, the operator a†sj (pj) creates an electron with mo-
mentum pj (energy εj =
√
m2 + p2j ) and spin quan-
tum number sj , ρj(pj) is an arbitrary square-integrable
complex-valued function describing each initial electron
momentum distribution, and |0〉 is the free vacuum state.
From the anti-commutation relations {as(p), a†s′(p′)} =
(2pi)3δ(3)(p − p′) δss′ [33], the normalization factor N
turns out to have the form N = N12 − δs1s2N21, with
Nij =
∫
d3p1
(2pi)32ε1
d3p2
(2pi)32ε2
ρ∗1(p1)ρi(p1)ρ
∗
2(p2)ρj(p2).
(2)
If c†l′(k
′) is the operator which creates a photon with
momentum k′ (energy ω′ =
√
k′2) and polarization l′,
the final state in NSCS has the form
|Ψ′〉 =
√
8ω′ε′1ε
′
2 c
†
l′(k
′)a†s′2(p
′
2)a
†
s′1
(p′1)|0〉, (3)
with ε′j =
√
m2 + p′ 2j . The leading-order S-matrix ele-
ment S of NSCS within the Furry picture [34, 35] reads
S = −ie
∫
d4x〈Ψ′|Ψ¯(x)γµΨ(x)Aµ(x)|Ψ〉, (4)
where the Dirac field Ψ(x) is expanded with respect to
Volkov states (see [4, 34, 35] and the Supplemental Ma-
terial (SM) [36]), where Ψ¯(x) = Ψ†(x)γ0, where γµ are
the Dirac matrices, and where Aµ(x) is the quantized
part of the electromagnetic field. Here, we neglect the
interaction between the electrons as their dynamics is
predominantly determined by the intense plane wave.
At the leading order of perturbation theory, only one
of the two electrons emits a photon (see Fig. 1), the
state of the other electron remaining unchanged. Also,
since the plane wave depends on the spacetime coor-
dinates only via φ = t − z, the amplitudes involving
the photon emission include a three-dimensional Dirac
delta-function, which enforces the conservation of the
transverse (⊥) components (x- and y-components) and
of the minus (−) component (time- minus z-component)
of the four-momenta of the involved particles (see also
the SM). Thus, by introducing the two on-shell four-
momenta qµj (q
2
j = m
2) such that qj,⊥ = p′j,⊥ + k
′
⊥ and
Figure 1. Leading-order Feynman diagrams of NSCS by two
electrons. The double lines indicate Volkov states and the
symbol {p′1 ↔ p′2, s′1 ↔ s′2} indicates the exchange diagrams.
qj,− = p′j,− + k
′
−, i.e.,
qµj = p
′µ
j + k
′µ − (k
′p′j)
p′j,− + k
′−
nµ, (5)
the amplitude S can be written in the form S = S12−S21,
where
S12 =
e
i
√
4pi
N
2∑
j=1
ρj(qj)ρj′(p
′
j′)δs′j′sj′
Ms′j l′,sj (p
′
j , k
′; qj)
2qj,−
,
(6)
with j′ = 3 − j, and where S21 = S12(p′1 ↔ p′2, q1 ↔
q2, s
′
1 ↔ s′2). Here, we have introduced the reduced am-
plitude Ms′l′,s(p
′, k′; p) characteristic of NSCS by a sin-
gle electron with definite initial (final) four-momentum
pµ (p′µ) and spin quantum number s (s′), which emits a
photon with four-momentum k′ and polarization l′ (see,
e.g., [19] and the SM).
The emitted photon energy spectrum dEQ/dω
′ of in-
terest here reads
dEQ
dω′
=
ω′ 2
8
∑
{sjs′j l′}
∫
dΩ′
(2pi)32
d3p′1
(2pi)32ε′1
d3p′2
(2pi)32ε′2
|S|2,
(7)
where Ω′ denotes the solid angle corresponding to n′ =
k′/ω′. Note that if the electrons were distinguishable, the
energy emission spectrum would have the same form as
in Eq. (7), with the replacement |S|2 → 2(N/N12)|S12|2.
In order to investigate the coherence properties of the
emitted radiation, we consider the paradigmatic case in
which the two electron wave packets in position space
differ only by a translation by a vector r′, i.e., ρ2(p2) =
ρ1(p2) exp(−ip2 ·r′), such that |ρ1(p)|2 = |ρ2(p)|2. Also,
without loss of generality we choose the function ρ1(p1)
to be real and we denote it as ρ(p1).
Let us first study the classical energy spectrum
dEC/dω
′ emitted by two electrons in a plane wave with
initial (at t = 0) positions r′1 = 0 and r
′
2 = r
′, with
z′ > 0, and four-momenta p′µj = (ε
′
j ,p
′
j). Classical co-
herence effects in the emitted frequency ω′ are controlled
by the two phases ω′Φj(φ), with (see the SM)
Φj(φ) =
∫ φ
0
dφ′
(n′p′j(φ
′))
p′j,−
+
[
(n′p′j)
p′j,−
n− n′
]
· r′j . (8)
Here, n′µ = k′µ/ω′ = (1,n′) or Φj(φ) = Φj(0) +
n′−
∫ φ
0
dφ′[m2 +P ′ 2j,⊥(φ
′)]/2p′ 2j,−, where P
′
j,⊥(φ) = P
′
j,⊥−
3eAL,⊥(φ), with P ′j,⊥ = p′j,⊥ − p′j,−n′⊥/n′−. Now, by in-
dicating as ϕT a measure of the total laser phase ωφT
where the electrons experience the strong field, an order-
of-magnitude condition for the emitted radiation to be
coherent is obtained by requiring that ω′∆Φ(φT ) <∼ pi/5
[37], with ∆Φ(φT ) = |Φ2(φT ) − Φ1(φT )| (the absolute
value of the variation of an arbitrary quantity f is in-
dicated here and below as ∆f). Now, we assume that
the electrons have initial momenta (energies) of the same
order of magnitude p′ (ε′), and that are ultrarelativistic
and initially counterpropagating with respect to the laser
field (p′−/2 ≈ ε′  m). By summing the moduli of all
contributions to ∆Φ(φT ), the above condition provides
an upper limit ω′C on the frequencies which are emitted
coherently given by
ω′C =
2piω
5n′−ϕT
[
∆P ′ 2⊥
4ε′ 2
+
∆ε′
ε′
m2 + P ′ 2⊥
2ε′ 2
+
2ω∆Φ(0)
n′−ϕT
]−1
,
(9)
where P ′ 2⊥ is the average value of P
′ 2
⊥ (φ) over φT . It
is physically clear that the larger the interaction time
is and the larger the differences in the electrons’ initial
positions/momenta/energies are, the lower will be the
highest frequency that can be emitted coherently. Notice
that the quantity ∆Φ(0) in Eq. (9) depends on the initial
distance |r′2 − r′1| of the two electrons.
Having in mind the quantum case where the electrons’
momentum distributions are given by ρ2(p′1) and ρ
2(p′2),
we consider now a classical ensemble of pairs of electrons,
each pair being characterized by the electrons’ initial po-
sitions r′1 = 0 and r
′
2 = r
′ and initial (and final) mo-
menta p′j distributed as ρ
2(p′1) and ρ
2(p′2). The corre-
sponding average classical energy spectrum 〈dEC/dω′〉
reads〈
dEC
dω′
〉
=
∫
d3p′1
(2pi)32ε′1
d3p′2
(2pi)32ε′2
ρ2(p′1)ρ
2(p′2)
N12
dEC
dω′
.
(10)
This expression can also be obtained from the quantum
spectrum dEQ/dω
′ in Eq. (7) by neglecting the photon re-
coil in ρ(qj), i.e., by approximating ρ(qj) ≈ ρ(p′j), but by
keeping linear corrections due to the recoil in the phase
of ρ2(q2). This, in fact, allows to reproduce the term
Φ2(0) from the difference q2−p′2 according to Eq. (5) af-
ter neglecting higher-than-linear recoil terms in it, which
in turn describes the role of the wave packets’ separation
r′. On the one hand, this implies that when the photon
recoil is negligible, the classical constraint in Eq. (9) also
applies quantum mechanically. On the other hand, how-
ever, we will show below that the differences in the coher-
ence properties of classical and quantum radiation pre-
cisely arise from the fact that the classical theory ignores
the recoil in ρ(qj). In fact, turning now to the quantum
case, it is intuitively clear, as we have also ascertained in
the numerical examples below, that the electrons’ indis-
tinguishability does not play a significant role here (the
exchange term slightly reduces the emitted energy). In-
deed, the exchange terms become important only when
the two electrons have very similar final momenta (and
the same final spin), which corresponds to a negligibly
small region of the available final phase space. Thus, in
order to study coherence effects, we focus on the interfer-
ence term in |S12|2, which is proportional to the product
ρ(q1)ρ(p
′
1)ρ(p
′
2)ρ(q2) [see Eq. (6)]. In analogy with the
classical case, we indicate as p′ the average momentum
of both electron distributions, corresponding to the on-
shell four-momentum p′µ = (ε′,p′) = (
√
m2 + p′ 2,p′),
and as σp′ the three-dimensional width. As it is clear
from Eq. (5), the difference between the momenta p′j
and qj is due to the photon recoil. Thus, if the latter is
so large that |p′j,i − qj,i|  σp′i for any i ∈ {x, y, z}, the
interference term will be suppressed because the func-
tions ρ(qj) = ρ(qj(p
′
j)) [see Eq. (5)] and ρ(p
′
j) cannot
be both significantly different from zero for the same p′j .
As a result, the interference term in |S12|2 will be sup-
pressed and the radiation with frequency ω′ >∼ ω′Q =
mini{σp′i/| cos θ′i|}, with θ′i being the angle between k′
and the ith axis, will be incoherent [the last term in Eq.
(5) has been neglected, which is a good approximation
in most situations of interest]. An invariant parameter
χ˜(k′) characterizing the quantum coherence of the emit-
ted radiation with four-momentum k′µ can be defined
by introducing the average 〈〈·〉〉 with respect to the dis-
tribution ρ2(p′)/N0, with N0 =
∫
d3p′(2pi)−3ρ2(p′)/2ε′:
χ˜(k′) =
√
k′µT−1µν k′ ν , where (T−1)µν is the inverse of
the positive-definite, symmetric covariance tensor Tµν =
〈〈p′µp′ ν〉〉− 〈〈p′µ〉〉〈〈p′ ν〉〉. The matrix Tµν can be diag-
onalized by means of a Lorentz transformation Λ? [38].
If the resulting diagonal matrix T ? = Λ?TΛ? t reads
T ? µν = diag(Σ2ε′ ,Σ
2
p′x
,Σ2p′y ,Σ
2
p′z
), then Σ2ε′ and Σ
2
p′i
are
the variances of the energy and of the i-th component
of the momentum distribution in that frame. Thus, we
have
χ˜(k′) =
√
ω′ ? 2
Σ2ε′
+
k′ ? 2x
Σ2p′x
+
k′ ? 2y
Σ2p′y
+
k′ ? 2z
Σ2p′z
, (11)
where k? µ = (ω?,k?) is the emitted photon four-
momentum in that frame. If χ˜(k′) < 1 the coherence
of the radiation with k′µ is not deteriorated by quantum
effects.
The additional quantum restriction to the coherent
emission of radiation is qualitatively different from the
classical one and it can be related to the particles’ “kine-
matic” indistinguishability. In fact, depending on the
width of the electron wave packets, even a perfect knowl-
edge of the final momenta of the two electrons and of the
emitted photon combined with the momentum conserva-
tion laws does not allow to know with certainty which
electron has emitted. In this respect, different momen-
tum components of the two-electron wave packet |Ψ〉 con-
structively interfere enhancing the radiation probability.
4Figure 2. Energy spectra dEQ/dω
′ (solid black line) and
〈dEC/dω′〉 (dash-dotted red line) for numerical parameters
given in the text and the single-electron spectrum multiplied
by two (dashed green line) and by four (dotted blue line).
This is in striking contrast with the case of an incoming
single electron, where, indeed, the conservation laws al-
low to determine the initial momentum of the electron
once the final electron and photon momenta are known,
implying that the emission spectrum is given by the in-
coherent sum of the emissions spectra corresponding to
each momentum component of the wave packet [14, 26].
Below, we show that the quantum restriction to the co-
herence of the emission can be essentially more restrictive
than the classical one even if the average quantum param-
eter χ′ = (kp′)E/mωEcr of the two wave packets is much
smaller than unity. In Fig. 2 we compare the full quan-
tum spectrum dEQ/dω
′ from Eq. (7) (solid black line)
with the classical spectrum 〈dEC/dω′〉 from Eq. (10)
(dash-dotted red line). As reference, we also show the
single-electron spectra multiplied by two (dashed green
line) and by four (dotted blue line), which are the same
for the two electrons [26]. Concerning the electrons, we
have set r′ = (10−2, 10−2, 10−3) eV−1 ≈ (2, 2, 0.2) nm
and ρ2(p′j)/2ε
′
j to be a normalized Gaussian function,
with average momentum p′ = (0, 0,−10 MeV), trans-
verse standard deviation σp′⊥ = σp′x = σp′y = 31 eV and
longitudinal standard deviation σp′‖ = σp′z = 0.62 eV.
Concerning the plane wave, we have set ω = 1.55 eV,
I = 1020 W/cm2, and ψL(φ) = sin4(ωφ/4) sin(ωφ) for
0 ≤ ωφ ≤ 4pi and zero elsewhere, such that χ′ ≈ 0.002.
Fig. 2 shows that the classical spectrum is coherent up
to a given frequency, that can be calculated with Eq.
(9); for this estimate we choose n′ ∼ −(mξ/2ε′, 0, 1),
with ξ = |e|E/mω = 5, as a typical observation direc-
tion where the average radiated energy is large [19]. We
estimate the variations ∆p′⊥ and ∆ε
′ ≈ ∆p′‖ entering
Eq. (9) via the standard deviations σp′⊥ and σp′‖ , re-
spectively. By also estimating ϕT ∼ 2pi as the effec-
tive phase where the laser field is strong, we find from
Eq. (9) that ω′C ≈ 278 eV, in good agreement with Fig. 2
(see the red vertical line). The quantum spectrum (solid
black line) is incoherent over the whole range shown in
Fig. 2 because, by estimating |k′⊥| ∼ ω′mξ/ε′, we ob-
Figure 3. Energy spectra for numerical parameters given in
the text. The meaning of each line is the same as Fig. 2.
tain that ω′Q ∼ min{σp′⊥ε′/mξ, σp′‖}, which corresponds
to ω′Q = σp′‖ = 0.62 eV. Thus, even if classical ar-
guments would predict coherent emission until ω′C , the
lower bound ω′Q given by quantum mechanics, being or-
ders of magnitude smaller, dominates. According to the
estimations in the SM, the Coulomb repulsion between
the two electrons before they enter the laser field can be
neglected for the above numerical parameters.
In Fig. 3 we provide a compact visualization of the
interplay between the classical and quantum limits on
coherent emission. In order to show all the effects we
mentioned in a single graph without changing multi-
ple numerical parameters, we have fixed them at the
same values of Fig. 2, except that p′ = (0, 0,−100 MeV),
σp′⊥ = 1 keV, I = 1.2 × 1021 W/cm2 (χ′ ≈ 0.02), r′ =
(0, 10−4, 10−7) eV−1=(0,20,0.02) pm, and σp′‖ is varying
in each panel. The largest difference between classical
and quantum results is observed in panel a), where the
Coulomb repulsion is not expected to play a significant
role, whereas the latter may significantly alter the aver-
5age distance between the electrons before they enter the
laser field in the case of panels b)-d) (see the SM).
The values of ω′Q, calculated in the same way as Fig. 2,
and of ω′C , estimated via Eq. (9), are in reasonable agree-
ment with the numerical results. In particular, it is in-
teresting to observe that the quantum limit dominates
in panels a)-c), where ω′C > ω
′
Q, and the classical limit
takes over in panel d) where ω′C < ω
′
Q, where it applies
to both the classical and the quantum spectrum. We no-
tice that in any case interference effects always amount
to an increase of the radiation yield, an enhancement ef-
fect essentially due to the reduced distance between the
two wave packets.
The properties of single-electron pulses with energies
of the order of 0.1 MeV and attosecond duration are al-
ready being exploited experimentally in order to per-
form high-precision microscopy (see [39–42]), and control
schemes for electrons of MeV energy have been demon-
strated recently [43]. Moreover, recent theoretical studies
indicate the feasibility of generating arbitrarily-delayed
single-electron wave packets with GeV energies [44]. The
extension of these techniques to few-electron wave pack-
ets seems possible [45], for instance by combining two
single-electron pulses with the methods of [40–42] or via
an ultracold gas source [46–48], where the electrons are
already highly correlated from the beginning. Our re-
sults suggest that the development of similar techniques
at higher energies would have important applications also
in fundamental strong-field physics. By reversing the ar-
gument, we can also say that the NSCS spectra as calcu-
lated here can be exploited, provided a detailed knowl-
edge of the laser pulse, as a diagnostic tool for two- or
few-electron high-energy pulses.
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In the present Supplemental Material we provide some
results that we did not include in the main text because
they are widely known in the literature (see e.g. [1–3]),
and an estimate of the average strength of the Coulomb
repulsion in the two-electron state considered in the main
text. For the sake of clarity the numbers of the equations
here contain “SM” in addition, such that the usual num-
bering (without SM) refers to the equations in the main
text.
VOLKOV STATES
As we mentioned in the main text, our work is carried
out in the Furry picture [2]. Thus, the fermion field Ψ(x)
in Eq. (4) needs to be expanded by employing “dressed”
electron states, i.e., the solutions of the Dirac equation
in the background field. In our case the background field
is a linearly-polarized plane wave described by the four-
vector potential AµL(φ) = AµψL(φ), where ψL(φ) is a
smooth function with compact support, with φ = (nx) =
t − z, i.e., nµ = (1, 0, 0, 1) [see also the main text above
Eq. (1) for additional details], and the resulting solutions
of the Dirac equation are the so-called Volkov states [2].
By setting φ = 0 as the initial light-cone “time” and
by correspondingly assuming that ψL(φ) = 0 for φ ≤ 0,
the positive-energy Volkov state of an electron with four-
momentum pµ and a spin quantum number s at φ = 0
reads
ψps(x) =
[
1 +
e
2p−
/n /AL(φ)
]
upse
iSp(x). (SM.1)
Here, we have introduced the minus-component p− =
(np), the “slash” notation /v = γµvµ for an arbitrary
four-vector vµ, with γµ being the Dirac gamma-matrices,
the constant bispinor ups fulfilling (/p − m)ups = 0 and
normalized as u¯psups = 2m [2], and the classical action
Sp(x) of the electron in the plane wave
Sp(x) = −(px)−
∫ φ
0
dφ′
[
e(pAL(φ′))
p−
− e
2A2L(φ′)
2p−
]
.
(SM.2)
It is possible to associate the average four-current
jµp (φ) =
ψ¯ps(x)γ
µψps(x)
ψ¯ps(x)ψps(x)
(SM.3)
to the Volkov state ψps(x) and it turns out that j
µ
p (φ) =
pµ(φ)/m, where pµ(φ) = (ε(φ),p(φ)) is the solution of
the Lorentz equation in the plane wave with initial four-
momentum pµ:
pµ(φ) = pµ − eAµL(φ) +
[
e(pAL(φ))
p−
− e
2A2L(φ)
2p−
]
nµ.
(SM.4)
NONLINEAR SINGLE COMPTON SCATTERING
The leading order S-matrix element Sfi of nonlinear
single Compton scattering by an electron with initial (fi-
nal) four-momentum pµ (p′µ) and spin quantum number
s (s′) is given within the Furry picture by
Sfi = −ie
√
4pi
∫
d4x ψ¯p′s′(x)/
′∗
l′ e
i(k′x)ψps(x), (SM.5)
where k′µ is the four-momentum of the emitted pho-
ton and ′µl′ its polarization four-vector, with l
′ ∈ {1, 2}.
Since the integrand in Eq. (SM.5) depends non-trivially
only on φ = t−z, the remaining three spacetime integrals
provide corresponding momenta delta-functions and Sfi
can be written in the form
Sfi = −ie
√
4pi(2pi)3δ(x,y,−)(p− k′ − p′)Ms′l′,s(p′, k′; p).
(SM.6)
By recalling the matrix structure of Volkov states [see Eq.
(SM.1)], the reduced amplitude Ms′l′,s(p
′, k′; p) can be
written as Ms′l′,s(p
′, k′; p) = u¯p′s′M˜l′(p′, k′; p)ups, with
[3]
M˜l′(p
′, k′; p) =/′∗l′ f0 + e
(
/A/n/′∗l′
2p′−
+
/
′∗
l′ /n/A
2p−
)
f1
− e
2A2′∗l′,−/n
2p−p′−
f2,
(SM.7)
where
fb =
∫
dφψbL(φ)e
i
∫ φ
0
dφ′[a0+a1ψL(φ′)+a2ψ2L(φ
′)], (SM.8)
2with b ∈ {0, 1, 2} and
a0 =
(k′p)
p′−
, (SM.9)
a1 =
e(p′A)
p′−
− e(pA)
p−
, (SM.10)
a2 = −e
2A2
2
k′−
p−p′−
. (SM.11)
Note that, by either enforcing gauge invariance or by
integrating it by parts, the formally divergent integral
f0 can be regularized according to the identity f0 =
−(a1f1 + a2f2)/a0 [3].
CLASSICAL LIMIT
In order to make the classical limit mentioned below
Eq. (10) more transparent, we notice that in the single-
electron case considered here:
1. by neglecting the recoil in Eq. (SM.7), i.e., by ap-
proximating p′− ≈ p− there and up′s′ ≈ ups′ , the
pre-exponential of the matrix Ms′l′,s(p
′, k′; p) re-
duces to 2(p(φ)′l′)δss′ ;
2. by neglecting terms higher than linear in the pho-
ton recoil in the coefficients a0, a1 and a2, i.e., by
approximating a0 ≈ (k′p)/p−, a1 ≈ e[p−(k′A) −
k′−(pA)]/p2−, and a2 ≈ −e2A2k′−/2p2−, the phase
of the integrands in the functions fb coincides with
the corresponding classical phase in Eq. (8) (for an
electron in the origin at t = 0).
DERIVATION OF THE CLASSICAL CUT-OFF
Let us start from the classical energy spectrum
dEC/dω
′ emitted by two electrons in a plane wave [1, 4]
dEC
dω′
=
e2ω′ 2
4pi2
∫
dΩ′
∣∣∣∣∣
2∑
j=1
∫
dφ
p′µj (φ)
p′j,−
eiω
′Φj(φ)
∣∣∣∣∣
2
.
(SM.12)
Here, for the sake of notational convenience in relation
with the quantum case, we have indicated as p′µj (φ) =
(ε′j(φ),p
′
j(φ)) the electrons’ four-momenta in the plane
wave [2]
p′µj (φ) = p
′µ
j − eAµL(φ) +
[
e(p′jAL(φ))
p′j,−
− e
2A2L(φ)
2p′j,−
]
nµ,
(SM.13)
with initial (at t = 0) four-momenta p′µj = (ε
′
j ,p
′
j). Also,
by labeling as “1” the electron which first enters the plane
wave and by setting the origin of the coordinate system
at the corresponding entering point, the initial positions
of the electrons are r′1 = 0 and r
′
2 = r
′, with z′ > 0. The
quantity Φj(φ) in Eq. (SM.12) thus reads
Φj(φ) =
∫ φ
0
dφ′
(n′p′j(φ
′))
p′j,−
+
[
(n′p′j)
p′j,−
n−n′
]
·r′j , (SM.14)
with n′µ = k′µ/ω′ = (1,n′) or Φj(φ) = Φj(0) +
n′−
∫ φ
0
dφ′[m2 +P ′ 2j,⊥(φ
′)]/2p′ 2j,−, where P
′
j,⊥(φ) = P
′
j,⊥−
eAL,⊥(φ), with P ′j,⊥ = p′j,⊥ − p′j,−n′⊥/n′−. Now, by in-
dicating as ϕT a measure of the total laser phase ωφT
where the electrons experience the strong field, an order-
of-magnitude condition for the emitted radiation to be
coherent is obtained by requiring that ω′∆Φ(φT ) <∼ pi/5.
This condition is obtained starting from the prototype
function g(θ) = |1 + exp(iθ)|2 and by stating that it
shows a “coherent” behavior for θ < θ∗, where θ∗ is
such that |g(θ∗) − 4|/4 = 0.1, i.e. θ∗ ≈ pi/5, with
∆Φ(φT ) = |Φ2(φT ) − Φ1(φT )| (the absolute value of
the variation of an arbitrary quantity f is indicated here
and below as ∆f). Now, we assume that the electrons
have initial momenta (energies) of the same order of
magnitude p′ (ε′), and that are ultrarelativistic and ini-
tially counterpropagating with respect to the laser field
(p′−/2 ≈ ε′  m). By summing the moduli of all con-
tributions to ∆Φ(φT ), the above condition provides an
upper limit ω′C on the frequencies which are emitted co-
herently given by
ω′C =
2piω
5n′−ϕT
[
∆P ′ 2⊥
4ε′ 2
+
∆ε′
ε′
m2 + P ′ 2⊥
2ε′ 2
+
2ω∆Φ(0)
n′−ϕT
]−1
,
(SM.15)
where P ′ 2⊥ is the average value of P
′ 2
⊥ (φ) over φT .
COULOMB REPULSION
In the calculations presented in the main text, we ne-
glected the effects of the Coulomb interaction between
the two electrons. On the one hand, this is a very good
approximation when the electrons are inside the laser
field, due to the overwhelming force due to the latter.
On the other hand, however, the close proximity of the
two charges could in principle render the Coulomb inter-
action non-negligible when the charges have not entered
the laser field yet.
In order to estimate the strength of Coulomb inter-
action, since in the considered setup the electrons move
along the same direction with the same average energy,
one can start by evaluating the average inverse-squared
distance between the two electrons in the frame of refer-
ence where the electrons are on average at rest. In this
frame of reference, the longitudinal indeterminacy of the
electrons in position space σ˜‖ is dilated by the average
Lorentz gamma factor γ with respect to the longitudinal
3indeterminacy in the lab frame σ‖ = 1/2σp′‖ , thus:
σ˜‖ =
γ
2σp′‖
. (SM.16)
Moreover, also the longitudinal displacement between the
two wave packets in the average rest frame r′‖ is dilated:
r˜′‖ = γr
′
‖. Instead, the transverse displacement and in-
determinacy are not affected by the Lorentz boost, thus
σ˜⊥ = 1/2σp′⊥ and r˜
′
⊥ = r
′
⊥.
We assume the electrons’ wave packets to be Gaussian
as in the main text such that the average value of the
Coulomb force between the two electrons is given by
〈F˜C〉 = α
∫
d3r1d
3r2
(2pi)3σ˜2‖σ˜
4
⊥
r1 − r2
|r1 − r2|3 e
−∑3l=1 r21,l+(r2,l−r′l)22σ˜2
l ,
(SM.17)
where α = e2 ≈ 1/137 is the fine-structure constant.
The integrals in Eq. (SM.17) can be evaluated numeri-
cally and for the parameters corresponding to Fig. 2, we
obtain that |〈F˜C〉| ≈ 3 × 10−3 eV2. The repulsive force
is thus completely negligible with respect to the peak
electric force that the laser field exerts on an electron in
the same frame (|e|E˜ ∼ mωγξ = 1.6 × 108 eV2). The
same conclusion can be drawn for the numerical exam-
ple corresponding to Fig. 3. Although this implies that
the interaction between the electrons is negligible with
respect to their interaction with the laser field, the inter-
action between the electrons before they enter the laser
field could push them so far apart that there would be
no interference in their radiation, neither classically nor
quantum mechanically.
In order to determine the length scale at which this
can occur, we can estimate after how much time t˜ in
the average rest frame two electrons, initially at rest at
a distance d˜ from each other, are at a distance, e.g., of
1.1d˜, when being accelerated by a constant repulsive force
|〈F˜C〉|. Simple non-relativistic kinematics implies that
t˜ ∼
√
md˜/10|〈F˜C〉|. In the laboratory frame, t˜ is di-
lated by a factor γ and during this time the two electrons
propagate along the longitudinal direction over a distance
l‖ ∼ γt˜. By estimating d˜ ∼ r˜′, we obtain that for the pa-
rameters used for Fig. 2, l‖ ∼ 3 mm and the experimental
results, e.g., in [5] show that distances between the elec-
tron source and a strong laser field much smaller than
300 µm are achieved. However, in the case of the second
numerical example reported in Fig. 3, a similar estima-
tion provides l‖ equal to 80 µm for the panel a) (which
is still acceptable), equal to 8 µm for the panel b), equal
to 3 µm for the panel c), and, finally, equal to 2 µm for
the panel d). Notice that while with the parameters of
Fig. 2 and Fig. 3 the longitudinal component of the force
F˜C,‖ is typically many orders of magnitude smaller than
each of the transverse components, in the panels c) and
d) it is actually of the same order of magnitude. This
still implies that the parallel displacement between the
electrons d˜‖ ∼ r˜′‖ increases by 10% after a propagation in
the laboratory frame of 3 µm for panel c), but for panel
d) this happens already after 0.6 µm.
Finally, we observe that it is possible, via the Ehren-
fest’s theorem, to relate this classical estimate to the evo-
lution of the distance between the centers of the wave
packets.
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